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An Efficient Phase Domain Synchronous Machine
Model With Constant Equivalent Admittance Matrix
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Shaowei Huang, Member, IEEE, Zhendong Tan, and Kai Strunz

Abstract—In this paper, a new synchronous machine model is de-
veloped for electromagnetic transients program type simulations.
The stator circuit is expressed in the abc phase domain. The ma-
chine model is represented as a Norton equivalent with a current
source in parallel with a constant Norton admittance. The ma-
chine equations are reformulated so that the computational effort
required for the modeling of the machine is reduced. Test stud-
ies demonstrate the accuracy of the proposed synchronous ma-
chine model and show that the proposed model is computationally
more efficient than the existing constant conductance phase domain
model and voltage-behind-reactance model.

Index Terms—Constant admittance matrix, direct interface,
electromagnetic transients program (EMTP), phase domain (PD)
model, power system simulation, synchronous machine.

I. INTRODUCTION

THE modeling of synchronous machines has been an active
topic of research for many years, a number of models have

been developed for the representation of synchronous machines
in power system analysis. The synchronous machine models for
the study of transients can be classified into two major categories
based on the modeling approaches used: models in state-variable
(SV)-based simulators [1]–[5] and models in nodal-analysis-
based programs [6]–[13]. This paper focuses on the modeling
of synchronous machines for electromagnetic transients pro-
gram (EMTP)-type simulations based on the nodal-analysis-
based simulation approach [14], [15]. To provide a good review
of the properties of the relevant state-of-the-art models of syn-
chronous machines using techniques of nodal analysis, various
models are summarized in Table I.

In the modeling of synchronous machines, the qd0 transfor-
mation is popular. The major advantage of transformation from
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TABLE I
SUMMARY OF RELEVANT STATE-OF-THE-ART MODELS OF SYNCHRONOUS

MACHINES BASED ON NODAL ANALYSIS TECHNIQUE

the stator phase variables to the qd0 variables is that it results in
constant inductances [16], [17]. However, the inverse qd0 trans-
formation is required when the qd0 model is interfaced with
the network model which is expressed in phase domain [6]–[8],
[11]. In [9] and [18], the phase domain (PD) synchronous ma-
chine models were proposed for EMTP-type solution. The stator
circuits are represented in the abc phase coordinates. In [10], the
voltage-behind-reactance (VBR) synchronous machine model
which also represents the stator circuit in the abc phase coor-
dinates was developed. The admittance matrices of the PD and
VBR models mentioned above depend on the rotor positions.
It is, therefore, necessary to modify the machine admittance
matrix when the rotor positions change.

Achieving constant admittance matrix for the PD and VBR
synchronous machine models is very challenging due to the
structure of synchronous machine equations [10]. In [13], a
constant conductance phase domain (CC-PD) synchronous ma-
chine model was developed by adding an artificial damper wind-
ing. The equivalent admittance matrix of the CC-PD model is
constant and independent of the rotor positions. However, the
parameters of the additional artificial damper winding need to be
carefully selected. The effect of additional winding may become
significant during high-frequency transients.

The work presented in this paper leads to a new synchronous
machine model. Two major contributions are elaborated upon.
Firstly, a synchronous machine model in the phase domain is
developed. The model is represented as a controlled current
source in parallel with a constant Norton admittance. Thanks to
the constant admittance, the modification of the entire network
admittance matrix is avoided. Secondly, the machine equations
are reformulated, and the expression for the controlled current
source is simplified considerably. The number of mathematical
operations required for modeling the synchronous machine is
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reduced, resulting in savings in computation time. Furthermore,
three tests are performed to examine the accuracy and efficiency
of the proposed model versus several state-of-the-art models.

In Section II, the conventional PD synchronous machine
model is reviewed. A constant machine resistance matrix is
formulated for the PD model in Section III. The prediction
and calculation of machine stator currents are presented in
Section IV. In Section V, the machine equations are reformu-
lated to improve the computational efficiency of the machine
model. In Section VI, the synchronous machine is represented
by a Norton equivalent. The implementation of the proposed
synchronous machine model is described in Section VII. In
Section VIII, the computational efficiency of the proposed
model is evaluated. In Section IX, the proposed synchronous
machine model is applied and validated. Conclusions are drawn
in Section X.

II. PHASE DOMAIN MODEL

In this paper, a three-phase synchronous machine is consid-
ered in accordance with the machine model described in [17].
The rotor is equipped with a field winding and three damper
windings. Without loss of generality, the saturation effects are
not considered [10], [13]. To simplify the notations, all rotor
variables are referred to the stator side using an appropriate turn
ratio. Because the synchronous machine is generally operated
as a generator, it is assumed that the positive direction of a stator
winding current is out of the terminals of the machine.

A. Machine Equations in Phase Domain

The voltage equations of a synchronous machine in the phase
domain may be expressed as [17]:[

vabcs(t)

vqdr(t)

]
=

d
dt

[
λabcs(t)

λqdr(t)

]
+

[
Rs 0

0 Rr

][
−iabcs(t)

iqdr(t)

]
,

(1)

with

vqdr(t) =
[
vkq1(t), vkq2(t), vfd (t), vkd(t)

]
, (2)

iqdr(t) =
[
ikq1(t), ikq2(t), ifd (t), ikd(t)

]
, (3)

λqdr(t) =
[
λkq1(t), λkq2(t), λfd (t), λkd(t)

]
, (4)

where vabcs(t), iabcs(t), and λabcs(t) represent stator voltages,
currents and flux linkages respectively; vqdr(t), iqdr(t), and
λqdr(t) represent rotor voltages, currents and flux linkages re-
spectively; Rs represents the constant stator resistance matrix;
Rr represents the constant rotor resistance matrix; subscript fd
indicates variables associated with the field winding; subscripts
kq1, kq2, and kd indicate variables associated with the damper
windings kq1, kq2, and kd, respectively.

The expression for the flux linkages is given as follows:[
λabcs(t)

λqdr(t)

]
=

[
Ls(θr(t)) Lsr(θr(t))

2
3 Lrs(θr(t)) Lr

][
−iabcs(t)

iqdr(t)

]
,

(5)

where θr(t) represents the rotor positions; Ls(θr(t)) represents
the time-varying matrix of stator inductance; Lsr(θr(t)) and
Lrs(θr(t)) represent time-varying matrices of the mutual in-
ductances between stator winding and rotor winding; Lr is the
constant matrix of rotor inductance. The matrices Ls(θr(t)),
Lsr(θr(t)), Lrs(θr(t)), and Lr are listed in Appendix A.

The equations of motion of the synchronous machine are:

dωr(t)
dt

=
p

2J
(Tm(t) − Te(t)) , (6)

dθr(t)
dt

= ωr(t), (7)

where J is the machine inertia; p is the number of poles in the
machine; Tm(t) and Te(t) are the mechanical and electromag-
netic torques, respectively. The electromagnetic torque Te(t)
may be expressed in the phase domain as [17]:

Te(t) =
p

2

[
− 1

2
(iabcs(t))

T ∂

∂θr
(Ls(θr(t)) − LlsI) iabcs(t)

+ (iabcs(t))
T ∂

∂θr
(Lsr(θr(t))) iqdr(t)

]
, (8)

where Lls is the leakage inductance of the stator windings; I
is the identity matrix; superscript T denotes the transpose of a
matrix.

B. Discretized Phase Domain Model for EMTP Solution

The stator voltage equation in the first row of (1) is discretized
by applying the trapezoidal integration method:

vabcs (k) = −Rsiabcs (k) +
2
τ

λabcs(k) + esh(k), (9)

with

esh(k)=−Rsiabcs (k − 1) − 2
τ

λabcs(k − 1) − vabcs(k − 1),

(10)

where k is the time-step counter; τ is the time-step size; and esh
is the stator history term.

Substitution of the expression for λabcs given by (5) in (9)
gives:

vabcs (k) = −
(

Rs +
2
τ

Ls(θr(k))
)

iabcs (k)

+
2
τ

Lsr(θr(k))iqdr (k) + esh(k).

(11)

Discretizing the rotor voltage equation in the second row of (1)
using trapezoidal integration and substituting for λqdr from (5)
yields the following expression for the rotor currents:

iqdr(k) =
(

Rr +
2
τ

Lr

)−1

(
vqdr(k) +

2
τ

2
3
Lrs(θr(k))iabcs(k) + erh(k)

)
,

(12)
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with

erh(k) =
(
− Rr +

2
τ

Lr

)
iqdr(k − 1)

− 2
τ

2
3
Lrs(θr(k − 1))iabcs (k − 1) + vqdr(k − 1),

(13)

where erh is the rotor history term.
Inserting (12) into (11) gives:

vabcs (k) = Req(k)iabcs (k) + eh(k), (14)

with

Req(k) = − Rs − 2
τ

Ls(θr(k))

+
8

3τ 2 Lsr(θr(k))
(

Rr +
2
τ

Lr

)−1

Lrs(θr(k)),

(15)

and

eh(k) =
2
τ

Lsr(θr(k))
(

Rr +
2
τ

Lr

)−1

(vqdr(k) + erh(k))

+ esh(k), (16)

where Req and eh are the equivalent resistance matrix and
the three-phase history voltage source, respectively. As seen
from (15), the expression for the equivalent resistance ma-
trix Req consists of three terms: −Rs , − 2

τ Ls(θr(k)), and
8

3τ 2 Lsr(θr(k))
(
Rr + 2

τ Lr
)−1

Lrs(θr(k)). The first term is con-
stant due to the constant resistance matrix Rs . The second term
and the third term are time-variant, as they involve the matrices
Ls(θr(k)), Lsr(θr(k)) and Lrs(θr(k)) which are rotor-position-
dependent. Therefore, Req has to be recalculated when changes
in the rotor position θr occur.

III. CONSTANT EQUIVALENT RESISTANCE MATRIX

In [13], a synchronous machine model with a constant equiva-
lent resistance matrix is developed by adding an artificial damper
winding. However, the parameters of the additional winding
have to be carefully chosen depending on the frequency range
of interest. When simulating high-frequency transients, the ac-
curacy of the synchronous machine model may be affected due
to the extra winding. Furthermore, the additional winding does
increase the dimensions of inductance matrices, resulting in an
increase in computational costs. In this section, the equivalent
resistance matrix of the discretized synchronous machine model
in (15) is expressed as a constant term plus a rotor-position-
dependent term. A constant machine equivalent resistance ma-
trix is formed by moving the rotor-position-dependent term to
the history voltage source.

According to [17], the following relations hold in the rotor
reference frame:

Ls(θr(k)) = K−1(θr(k))Lr
sK(θr(k)), (17)

Lsr(θr(k)) = K−1(θr(k))Lr
sr , (18)

2
3
Lrs(θr(k)) = Lr

rsK(θr(k)), (19)

where the matrices Lr
s , Lr

sr and Lr
rs are constant. They are

defined in Appendix A. The matrix K(θr(k)) represents the
Park’s transformation and is given in Appendix B.

By inserting (17), (18) and (19) into (15), (15) may be rear-
ranged as:

Req(k) = −Rs + K−1(θr(k))RabK(θr(k)), (20)

with

Rab = −2
τ

Lr
s +

4
τ 2 Lr

sr

(
Rr +

2
τ

Lr

)−1

Lr
rs . (21)

The matrix Rab are constant, and may be expressed as the sum
of two terms as follows:

Rab = Ra + Rb , (22)

with

Ra = diag[Ra1 , Ra1 , Ra2 ], (23)

Rb = diag[0, Rb , 0], (24)

where the constant coefficients Ra1 , Ra2 and Rb are given in
Appendix C.

Insertion of (22) into (20) gives:

Req(k) = −Rs + K−1(θr(k))RaK(θr(k))

+ K−1(θr(k))RbK(θr(k)).
(25)

Inserting (23) and (70) into K−1(θr(k))RaK(θr(k)) yields:

K−1(θr(k))RaK(θr(k))

=
2
3

⎡
⎢⎣

Ra1 + Ra 2
2 −Ra 1

2 + Ra 2
2 −Ra 1

2 + Ra 2
2

−Ra 1
2 + Ra 2

2 Ra1 + Ra 2
2 −Ra 1

2 + Ra 2
2

−Ra 1
2 + Ra 2

2 −Ra 1
2 + Ra 2

2 Ra1 + Ra 2
2

⎤
⎥⎦ .

(26)

As seen from (26), the term K−1(θr(k))RaK(θr(k)) is
constant and unvarying with time. Nonetheless, the term
K−1(θr(k))RbK(θr(k)) in (25) still depends on the rotor po-
sitions. After insertion of (25) into (14), a constant equivalent
resistance matrix could potentially be achieved by moving the
rotor-position-dependent term K−1(θr(k))RbK(θr(k))iabcs
to the history voltage source eh . The equation of the result-
ing model with constant resistance matrix is:

vabcs (k) = Req,constiabcs (k) + er
h(k), (27)

with

Req,const = −Rs + K−1(θr(k))RaK(θr(k)), (28)
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and

er
h(k) = eh(k) + K−1(θr(k))RbK(θr(k))iabcs(k), (29)

where Req,const is the constant equivalent resistance matrix, er
h

is the history voltage source of the model which has a constant
resistance matrix.

IV. PREDICTION AND CORRECTION OF STATOR CURRENTS

A. Prediction of Stator Currents

In order to calculate er
h(k) in (29), the stator currents iabcs(k)

must be predicted at every time-step. By inserting (16) into (29)
and transforming phase variables iabcs(k) into iqd0s(k), the
history voltage source er

h(k) may be expressed as:

er
h(k) =

2
τ

Lsr(θr(k))
(

Rr +
2
τ

Lr

)−1

(vqdr(k) + erh(k))

+ esh(k) + K−1(θr(k))Rb ĩqd0s(k), (30)

where the symbol “∼” indicates predicted values. The transfor-
mation of the phase variables iabcs into the qd0 variables iqd0s
results in the following advantages:

� Since the qd0 variables iqd0s(k) change slower than the
phase variables iabcs(k) during the period of slow tran-
sients and steady state, using the prediction of iqd0s(k)
rather than the prediction of iabcs(k) is a better choice.

� The matrix Rb given by (24) has only one element. Sub-
stituting (24) and (70) in the term K−1(θr(k))Rb ĩqd0s(k)
gives:

K−1(θr(k))Rb ĩqd0s(k) = Rb ĩds(k)[
sin (θr(k)) , sin

(
θr(k) − 2π

3

)
, sin

(
θr(k) +

2π

3

)]T

,

(31)

where ĩds(k) is the direct component of the stator currents.
It is noted that the prediction of ids(k) is required only. It
can be predicted by using a linear three-point prediction
with smoothing [14]:

ĩds(k) = 1.25ids(k − 1) + 0.5ids(k − 2)

− 0.75ids(k − 3). (32)

The predictor formula described above has been success-
fully used to predict qd stator currents in the qd0 syn-
chronous machine model [14], [19] and the VBR induction
model [20]. As verified through test cases in [19], [20], the
predictions are sufficiently accurate.

B. Correction of Stator Currents

The machine stator currents iabcs may be calculated based
on (27). However, this may introduce the error in calculating
iabcs due to the prediction of ids . To mitigate the impact of the
prediction error of ids , the stator currents iabcs are corrected
by using (14) that does not contain the prediction of machine
electrical variables.

Rearranging (14) gives:

iabcs (k) = (Req(k))−1 (vabcs (k) − eh(k)). (33)

As discussed in Section III, the equation of the machine model
is expressed by (27) instead of (14) and (33) in order to achieve
a constant machine admittance matrix. The matrix Req(k) and
the term eh(k) are not used in (27) and thus are unknown. As
shown in the following, the stator current currents iabcs in (33)
are computed by using the terms and matrices appearing in (27).

Insertion of (25) and (28) into (33) yields:

iabcs (k) =
(
Req,const + K−1(θr(k))RbK(θr(k))

)−1

(vabcs (k) − eh(k)).
(34)

Comparing (16) with (30) gives:

eh(k) = er
h(k) − K−1(θr(k))Rb ĩqd0s(k). (35)

Inserting (35) into (34) gives:

iabcs (k) =
(
Req,const + K−1(θr(k))RbK(θr(k))

)−1

(
vabcs (k) − er

h(k) + K−1(θr(k))Rb ĩqd0s(k)
)
,

(36)

where Rb , Req,const , and er
h(k) are used in (27), and are given

by (24), (28), and (30), respectively. The correction of stator
currents is accomplished by using (36), and other machine vari-
ables are calculated based on the corrected stator currents. This
contributes to the improvement of accuracy of the proposed
machine model.

V. EFFICIENT REPRESENTATION OF PHASE DOMAIN

SYNCHRONOUS MACHINE MODEL

The matrices Lsr(θr) and Lrs(θr) included in the calculation
of iqdr and er

h given by (12) and (30) are full matrices. To en-
hance the computational efficiency of the model, rotor currents
iqdr and the history voltage source er

h are reformulated. Ac-
cordingly, certain matrices used for computing iqdr and er

h are
sparse. Then, the number of mathematical operations required
for modeling the machine is reduced.

Substituting for Lsr(θr(k)) from (18), the history voltage
source er

h in (30) is reformulated as follows:

er
h(k)=

2
τ

K−1(θr(k))Lr
sr

(
Rr +

2
τ

Lr

)−1

(vqdr(k)+erh(k))

+ esh(k) + K−1(θr(k))Rb ĩqd0s(k).
(37)

Substitution of the expression for 2
3 Lrs(θr(k)) from (19) in (13),

followed by transformation of phase variables iabcs (k − 1) into
qd0 components iqd0s (k − 1), yields the following expression
for the term vqdr(k) + erh(k):

vqdr(k) + erh(k) = vqdr(k) +
(
− Rr +

2
τ

Lr

)
iqdr(k − 1)

− 2
τ

Lr
rsiqd0s (k − 1) + vqdr(k − 1).

(38)
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Inserting (38) into (37) and rearranging gives:

er
h(k) = K−1(θr(k)) (M ae

r
rh(k) − Rf iqd0s (k − 1))

+ esh(k) + K−1(θr(k))Rb ĩqd0s(k)
(39)

with

M a =
2
τ

Lr
sr

(
Rr +

2
τ

Lr

)−1

, (40)

Rf =
4
τ 2 Lr

sr

(
Rr +

2
τ

Lr

)−1

Lr
rs , (41)

er
rh(k) = vqdr(k) + vqdr(k − 1)

+
(
−Rr +

2
τ

Lr

)
iqdr(k − 1). (42)

Substituting for Lr
sr and Lr

rs from (67) and (68) in (40) and (41)
gives:

M a =

⎡
⎢⎣

Ma1 Ma2 0 0
0 0 Ma3 Ma4

0 0 0 0

⎤
⎥⎦, (43)

Rf =

⎡
⎢⎣

Rf1 0 0

0 Rf2 0

0 0 0

⎤
⎥⎦, (44)

where the coefficients Ma1 , Ma2 , Ma3 , Ma4 , Rf1 , and Rf2 are
constant. They are given in Appendix C.

Inserting (13) into (12), substituting for 2
3 Lrs(θr(k))

from (19), and transforming iabcs into iqd0s , the current
iqdr(k − 1) in (42) is written as:

iqdr(k − 1) =
(

Rr +
2
τ

Lr

)−1(
er

rh(k − 1)

+
2
τ

Lr
rs (iqd0s(k − 1) − iqd0s(k − 2))

)
.

(45)

By grouping terms involving K−1(θr(k)), (39) becomes:

er
h(k) = K−1(θr(k))

(
M ae

r
rh(k) − Rf iqd0s (k − 1)

+ Rb ĩqd0s(k)
)

+ esh(k) (46)

Note that the history voltage source er
h(k) is expressed in the

form of (30) in Section III. Equation (30) uses erh(k) in (13)
and iqdr(k) in (12). In this section, the history voltage source
er

h(k) is reformulated. The reformulated history voltage source
is given by (46). Equation (46) uses er

rh(k) in (42) and iqdr(k)
in (45). Comparing (46) with (30), it is interesting to note that the
full matrix Lsr(θr) does not appear in the history voltage source
equation (46). The advantage of using (42), (45) and (46) is that
fast solution of er

h(k) can be obtained with sparse matrices M a
and Rf .

Fig. 1. Flowchart for the implementation of the E-PD model.

VI. FORMULATION OF NORTON EQUIVALENT

Equation (27) can be expressed in the form of a Norton equiv-
alent as follows:

Geq,constvabcs(k) = iabcs(k) + j(k), (47)

with

Geq,const = (Req,const)
−1 (48)

and

j(k) = Geq,conste
r
h(k), (49)

where Geq,const represents the equivalent admittance, and j
represents the current source injection. With resistance matrix
Req,const constant, Geq,const is constant. The current source in-
jection j is calculated by using the efficient formulation of er

h
given by (46). An efficient phase domain (E-PD) synchronous
machine model with a controlled current source in parallel with
a constant Norton admittance is developed on the basis of (47).
The information regarding the equivalent admittance Geq,const
and the current source injection j is provided to the system
model solver to solve the nodal voltages of the overall system.
Since the admittance matrix Geq,const is constant, it is unneces-
sary to modify the admittance matrix of the overall system; this
adds to the efficiency of the proposed model.

VII. MODEL IMPLEMENTATION

For the purpose of discussion of the machine implementation
procedure, the proposed E-PD model is assumed to be interfaced
with a network. The voltages vabcs(k) are known. They are
provided by the nodal-analysis-based system model solver. The
flow chart of the implementation of the proposed model is shown
in Fig. 1.

In step 1, the machine initial conditions are calculated. Be-
cause the machine admittance matrix is constant, it is calculated
before entering the main time-step loop. In step 2, the exchange
of information between the E-PD model and the system model
solver takes place. The E-PD model receives its terminal volt-
ages vabcs(k) from the system model solver.

In step 3, the electrical and mechanical variables of the E-PD
model at time-step k are computed as follows:
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1) Compute stator current iabcs(k) using (36).
2) Compute stator current iqd0s(k):

iqd0s(k) = K(θr(k))iabcs(k). (50)

3) Compute rotor current iqd0r(k) using (45).
4) Compute stator flux λqd0s(k) using (65).
5) Compute stator flux λabcs(k):

λabcs(k) = K−1(θr(k))λqd0s(k). (51)

6) Compute electromagnetic torque Te(k) [17]:

Te (k) =
3p

4
(λds(k)iqs(k) − λqs(k)ids(k)) , (52)

where iqs(k) is the quadrature component of the stator
currents; λqs(k) and λds(k) are the quadrature and direct
components of the stator fluxes, respectively.

7) Compute rotor speed ωr(k) by discretizing (6) with the
trapezoidal method:

ωr (k) = ωr (k − 1) +
p

2
τ

J

(Tm (k) + Tm (k − 1) − Te (k) − Te (k − 1)) .

(53)

8) Compute rotor position θr(k) by discretizing (7) with the
trapezoidal method:

θr (k) = θr (k − 1) +
τ

2
(ωr (k) + ωr (k − 1)) . (54)

In step 4, the rotor angle and the direct component of the stator
currents are predicted. Then, the Norton source is computed. The
following are procedures involved:

1) Predict rotor speed ωr(k + 1) at time-step k + 1:

ω̃r(k + 1) = 2ωr(k) − ωr(k − 1). (55)

2) Predict rotor angle θr(k + 1) using (54).
3) Predict ids(k + 1) using (32).
4) Compute stator history term esh(k + 1) using (10).
5) Compute rotor history term er

rh(k + 1) using (42).
6) Compute history voltage source er

h(k + 1) using (46).
7) Compute Norton source j(k + 1) using (49).
In step 5, the information on the Norton source j(k + 1) is

provided to the system model solver. The latter can proceed with
updating the nodal voltages of the system in step 6. Finally,
the time-step counter k is incremented, and the termination
condition is checked. If the termination condition is not satisfied,
the loop is entered again at step 2.

VIII. ANALYSIS OF EFFICIENCY OF THE E-PD MODEL

The computational costs of the CC-PD model, VBR model
and proposed E-PD model are evaluated by using floating point
operations (flops) and trigonometric functions (trigs) per time-
step. One addition, subtraction, multiplication, or division of
two floating point numbers is considered as one flop [21]. The
computational cost of a trigonometric function depends on both
hardware and software. The studies performed on a personal
computer (PC) with a Microsoft Windows Operating System
show that a trigonometric function requires about 20 times

TABLE II
FLOPS AND TRIGONOMETRIC FUNCTIONS COUNTS PER TIME-STEP

TABLE III
FLOPS AND TRIGONOMETRIC FUNCTIONS REQUIRED BY er

h
IN THE E-PD MODEL

more CPU time than a single flop. As shown in Section III and
Appendix B, the proposed E-PD model requires the evaluation
of trigonometric functions cos(θr), cos(θr ± 2π

3 ), sin(θr), and
sin(θr ± 2π

3 ) for the calculation of K(θr) and K−1(θr). The
VBR model in [10] and CC-PD model in [13] require the evalu-
ation of trigonometric functions cos(θr), cos(θr ± 2π

3 ), sin(θr),
sin(θr ± 2π

3 ), cos(2θr), cos(2θr ± 2π
3 ), and sin(2θr) for the cal-

culation of resistance matrix, history terms, and electromagnetic
torque. Because the computation time of a trigonometric func-
tion is much more than that of a single flop, an efficient method
for the evaluation of trigonometric functions, which is presented
in [13], is applied to the above models to minimize the com-
putational effort. The method is not described here due to lim-
ited space. The reader may refer to [13] for a more detailed
description.

In this section, a steam turbine synchronous machine is used
to analyze the efficiency of different synchronous machine mod-
els. The machine parameters are obtained from [17] and listed
in Appendix D. The rotor of the machine is equipped with a
field winding fd and three damper windings kd, kq1, and kq2.
The detailed description of VBR model can be found in [10].
The CC-PD model is described in [13] with one additional
damper winding kq3. The number of flops and trigonomet-
ric functions required for VBR and CC-PD models is sum-
marized in Table II. The number of flops and trigonometric
functions required for the E-PD model is given in Table II and
Table III. The computational cost of a trigonometric function
is equivalent to that of twenty flops. Consequently, the VBR
model requires 258 + 2 · 20 = 298 flops; the CC-PD model
requires 276 + 2 · 20 = 316 flops; the proposed E-PD model
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requires 135 + 2 · 20 = 175 flops. The proposed model re-
quires fewer flops per time step compared to the CC-PD and
VBR models. The improvement of efficiency of the E-PD
model results from the efficient calculations of history volt-
age source er

h and rotor currents iqdr which are presented in
Section V. Furthermore, the proposed E-PD model has a con-
stant resistance matrix. This is an important property for the
modeling of synchronous machines, as it removes the need for
modifying the admittance matrix of the entire network every
time-step.

It should be noted that the number of flops for the CC-PD
model reported in [13] is 255, while the number in Table II is
276. This difference is due to the different numbers of damper
windings. The numbers of flops and trigonometric functions
for the VBR model reported in [10] are also different from
that given in Table II. This is because the efficient method for
the evaluation of trigonometric functions presented in [13] is
applied to the VBR model in this paper.

IX. CASE STUDIES

In order to validate the proposed E-PD model, three tests are
performed in this paper. In Section IX-A, a test system com-
prised of a 845 MVA cylindrical rotor synchronous machine
which is directly connected to an ideal voltage source is con-
sidered. The study performed on this test system is intended
to analyze the numerical properties of the individual machine
model. In Section IX-B, it is shown that the proposed machine
model is effective in describing the electrical performance of a
salient pole synchronous machine. In Section IX-C, the IEEE
39-bus system comprising 10 synchronous generators has been
used to further demonstrate the effectiveness of the proposed
machine model. In Section IX-D, a discussion of the advanta-
geous properties of the proposed model is presented.

A. Simulation of the Single Cylindrical Rotor Synchronous
Machine Model

In this section, the transient study of a single-phase-to-ground
fault is performed to evaluate the accuracy and efficiency of
the proposed machine model. Initially, the machine is operating
steadily with a fixed input mechanical torque Tm of 1.887 × 106

N·m and a fixed field excitation voltage vfd of 30.3 V. At t =
0.04 s, phase a of the machine is shorted to ground. The fault is
cleared at t = 0.34 s. The synchronous machine parameters are
obtained from [17] and given in Appendix D. For the purpose
of comparison, a qd0 synchronous machine model has been
implemented in MATLAB/Simulink. This model is solved using
the trapezoidal method with a small time-step of 1 μs to obtain a
very accurate solution. This solution is considered as a reference.
The VBR and CC-PD models are also included in the simulation.
Fig. 2 and Fig. 3 show the responses produced by various models
using different time-step sizes.

The stator currents ias , ibs and ics are shown in Fig. 2(a),
Fig. 2(b) and Fig. 2(c), respectively. The electromagnetic torque
Te is shown in Fig. 2(d). The curves for the stator currents do
not reveal visible differences. The same is true for the curves
of electromagnetic torque. All models produce accurate results

Fig. 2. Simulation results for a cylindrical rotor synchronous machine model
with the time-step size of 50 μs; solid line: reference solution; dashed line:
solution for the VBR model; dotted line: solution for the CC-PD model; dash-
dotted line: solution for the E-PD model; (a) phase a stator current ias ; (b) phase
b stator current ibs ; (c) phase c stator current ics ; (d) electromagnetic torque Te .

Fig. 3. Simulation results for a cylindrical rotor synchronous machine model
with the time-step size of 1 ms; solid line: reference solution; dashed line:
solution for the VBR model; dotted line: solution for the CC-PD model;
dash-dotted line: solution for the E-PD model; (a) phase b stator current ibs ;
(b) zoomed-in view of stator current ibs ; (c) phase c stator current ics ;
(d) zoomed-in view of stator current ics .

that are close to the reference solutions. The results presented
in Fig. 2 demonstrate that all models are accurate when a small
time-step size of 50 μs is used.

The time-step size plays an important role in the accuracy
and efficiency of simulation. A larger time-step size results in a
faster simulation speed. However, the speed is increased at the
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Fig. 4. 2-norm errors for the single-phase-to-ground fault study using different
time-step sizes.

expense of accuracy of the simulation. To study the impact of
the time-step size on the accuracy of the responses of various
models, the same study is repeated with a larger time-step of
1 ms. The stator currents ibs and ics are shown in Fig. 3(a) and
Fig. 3(b), respectively. To provide a better view of the compari-
son, zoomed-in views of ibs and ics are shown in Fig. 3(c) and
Fig. 3(d), respectively. It can be seen that the results produced
by VBR and E-PD models are closer to the reference solution
than that produced by the CC-PD model.

To further examine the accuracies of various models, the
2-norm cumulative errors are used [22]:

ε (x) =
‖xref − x‖2

‖xref‖2
× 100%, (56)

where x represents the solution obtained from a given model;
xref represents the reference solution; ‖xref‖2 represents 2-norm
of xref .

The 2-norm errors of three models with various time-step
sizes are shown in Fig. 4. As expected, the errors of all models
increase with the time-step size. As is evident from Fig. 4, the
accuracies of the VBR model and the E-PD model are nearly
equal for small time-step sizes and the E-PD model is slightly
less accurate than the VBR model for large time-step sizes. The
errors of the CC-PD model are higher than that of the VBR
model and E-PD model for a given time-step size. Even with a
small time-step size of 10 μs, the CC-PD model has slight errors
in the stator currents with the highest error being on the order
of 1.17%. Although the introduction of an artificial winding for
CC-PD model results in a constant equivalent admittance matrix,
it could lead to errors in solving the synchronous machine model
during high-frequency transients.

To assess the computational speed, the proposed E-PD, VBR
and CC-PD models were implemented using standard C lan-
guage. The models were executed on a personal computer with
an Intel Core i7-7700K, 4.20-GHz processor and 16 GB RAM.
The CPU times per time-step required by the three models are
summarized in Table IV. The E-PD model required 0.4204 μs
per time-step. The computational speed of the E-PD model was
(0.7804 μs)/(0.4204 μs) ≈ 1.9 times higher than that of the

TABLE IV
COMPARISON OF CPU TIMES PER TIME-STEP

VBR model and (0.7158 μs)/(0.4204 μs) ≈ 1.7 times higher
than that of the CC-PD model.

In this case study, the CC-PD model requires less CPU time
per time-step compared with the VBR model. However, as
shown in Table II, the number of flops for the CC-PD model is
larger than that for the VBR model. That is because the flops
required by the matrix inversions of the various models have not
been included in the count in Table II. The existence of time-
variant terms in the equivalent resistance matrix of the VBR
model could lead to increases in computation time required by
the calculation of admittance matrix involving the inversion of
the resistance matrix.

B. Simulation of the Single Salient Pole Synchronous
Machine Model

As a further validation of the proposed model, a low-speed
hydro turbine generator is considered. Information regarding
this salient pole synchronous machine is given in Appendix D.
Since the single-phase-to-ground fault can even trigger higher
frequency transients compared to the three-phase-to-ground
fault [13], the single-phase-to-ground fault study is chosen in
this section. The machine is connected directly to an ideal volt-
age source and initially delivering rated MVA at rated power
factor. It provides the real and reactive power of 276 MW and
171 MVAr under steady-state rated condition. Then, a single-
phase-to-ground fault occurs at the machine terminal (phase a).
The machine transient performance is studied by using various
models with a time-step size of 1 ms. As in Section IX-A, the
reference solution is obtained by using the qd0 model with a
very small time-step size of 1 μs.

Fig. 5 shows the dynamic behavior of the hydro turbine gen-
erator following a single-phase-to-ground fault at the terminal.
Initially the machine is operating in steady-state. The real power
and reactive power are maintained at the rated values, as shown
in Fig. 5(b) and Fig. 5(c). At t = 0.05 s, phase a of the ma-
chine is shorted to ground. The single-phase fault causes the
operating condition to change significantly from rated condi-
tions. Throughout the simulation, the results obtained by the
VBR, CC-PD, and E-PD models are in good agreement with
the reference solution.

C. Simulation of the Multimachine System

In order to further validate the proposed machine model,
the New England power system consisting of 39 buses and 10
generators is considered. The one-line diagram of the system
is depicted in Fig. 6. Parameters of the machines, transform-
ers, and loads in the test system can be found in [23]. Initially
the test system is in the steady state. A three-phase-to-ground
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Fig. 5. Simulation results for a salient pole synchronous machine with the
time-step size of 1 ms; solid line: reference solution; dashed line: solution for
the VBR model; dotted line: solution for the CC-PD model; dash-dotted line:
solution for the E-PD model; (a) phase c stator current ics ; (b) active power of
the machine; (c) reactive power of the machine; (d) zoomed-in view of stator
current ics .

Fig. 6. One-line diagram of 10-machine New England power system.

fault is applied at bus 25 at t = 0.5 s. The fault is cleared af-
ter 0.2 s. The VBR, CC-PD, and E-PD models are used in
the simulation. For comparison, the reference solution is ob-
tained using the conventional PD model and a small step-size of
10 μs. The 2-norm errors in phase a voltage of bus 37 are pre-
sented in Table V. They show that the proposed E-PD model
yields similar numerical errors to the VBR and CC-PD mod-
els. This is also evidenced by Fig. 7. All models produce

TABLE V
2-NORM ERRORS OF PHASE A VOLTAGE OF BUS 37

Fig. 7. Simulation results for the 10-machine New England power system
with a time-step size of 500 μs; solid line: reference solution; dashed line:
solution using the VBR model; dotted line: solution using the CC-PD model;
dash-dotted line: solution using the E-PD model; (a) phase a voltage at bus 37;
(b) phase a stator current of G8; (c) angular speed of G8; (d) zoomed-in view
of phase a voltage at bus 37.

TABLE VI
COMPUTATION TIME IN PER UNIT BASED ON THE VBR MODEL

accurate and convergent simulation results over the entire
simulated scenario.

The computation time is presented in Table VI in per unit with
the base value equal to the time required for the VBR model. It is
noted from Table VI that the computational speeds with the CC-
PD and E-PD models are higher than that with the VBR model.
This is because the VBR model has a time-variant conductance
matrix, and the conductance matrix of the whole network has
to be updated at each time-step. The simulation using the E-PD
model is faster than that using the CC-PD model. This is due to
the efficient formulation of the E-PD model. The computational
efficiency advantage of the E-PD model will be more apparent
when performing simulations over long time intervals.

D. Discussion

Accuracy and efficiency are two important considerations in
the modeling of synchronous machines. The main objective of
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any model implementation is to provide rapid solution with
good accuracy. As shown in this paper, the method used in
the implementation of the E-PD model not only reduces the
number of mathematical operations significantly, compared to
the implementations of the CC-PD model and VBR model,
but it also gives results of a high degree of accuracy. Further-
more, the E-PD model has the added advantage that it has a
constant equivalent admittance matrix. Thanks to the constant
admittance matrix, the modification of the network admittance
matrix is avoided. Although several types of constant-parameter
VBR synchronous machine models are proposed in [3]–[5], [24]
based on the SV-based approach, the machine admittance ma-
trices change with the rotor positions when these models are
discretized for EMTP-type solutions.

X. CONCLUSION

In this paper, a new synchronous machine model is developed,
implemented and validated. The model has a constant equivalent
admittance matrix, and the stator circuit is represented in the abc
phase domain. Thanks to the constant admittance matrix, it is
unnecessary to change the network admittance matrix when
the rotor positions change. Furthermore, the machine equations
are reformulated. The advantage of the reformulation is that
the number of mathematical operations required for modeling
the machine is reduced. The performance of the proposed model
is assessed by considering computational efficiency as well as
accuracy. Case studies show that the proposed E-PD model
preserves high levels of accuracy and is computationally more
efficient than the CC-PD model and the VBR model.

APPENDIX

A. Coefficient Matrices in the PD Model

The stator resistance matrix Rs and the rotor resistance matrix
Rr are given as follows:

Rs = diag [rs , rs , rs ] , (57)

Rr = diag [rkq1 , rkq2 , rfd , rkd ] , (58)

where rs is the resistance of the stator windings; rkq1 , rkq2 , rfd ,
rkd are the resistances of the windings kq1, kq2, fd, and kd,
respectively.

The stator inductance matrix Ls(θr) and the mutual induc-
tance matrix Lsr(θr) are given, respectively, in (59) and (60),
shown at the bottom of this page. The coefficients LA and LB

are given as follows:

LA =
Lmd + Lmq

3
, (61)

LB =
Lmd − Lmq

3
, (62)

where Lmq and Lmd are the mutual inductances. The mutual
inductance matrix Lrs(θr) is given by:

Lrs(θr) =
2
3
LT

sr(θr). (63)

The rotor inductance matrix Lr is as follows:

Lr =⎡
⎢⎢⎢⎢⎣

Llkq1 + Lmq Lmq 0 0

Lmq Llkq2 + Lmq 0 0

0 0 Llfd + Lmd Lmd

0 0 Lmd Llkd + Lmd

⎤
⎥⎥⎥⎥⎦,

(64)

where Llkq1 , Llkq2 , Llfd , and Llkd are the leakage inductances
of the windings kq1, kq2, fd, and kd, respectively.

Substituting (17) and (18) for Ls(θr(k)) and Lsr(θr(k))
in (5), transforming iabcs(t) into iqd0s(t), and multiplying by
the Park’s transformation K(θr(k)) yield the stator flux linkage
λqd0s(t):

λqd0s(t) = −Lr
siqd0s(t) + Lr

sriqd0r(t), (65)

with

Lr
s = diag [Lls + Lmq , Lls + Lmd , Lls ] , (66)

Lr
sr =

⎡
⎢⎣

Lmq Lmq 0 0

0 0 Lmd Lmd

0 0 0 0

⎤
⎥⎦, (67)

where Lr
s and Lr

sr are constant matrices.
The matrix Lr

rs is given by:

Lr
rs = (Lr

sr)
T . (68)

B. Park’s Transformation

The transformation from the phase variables Sabc =
(Sa Sb Sc)T to the qd0 variables Sqd0 = (Sq Sd S0)T can
be written in the following form [17]:

Sqd0 = K(θr)Sabc (69)

Ls(θr) =

⎡
⎢⎣

Lls + LA − LBcos2θr − 1
2 LA − LBcos2

(
θr − π

3

) − 1
2 LA − LBcos2

(
θr + π

3

)
− 1

2 LA − LBcos2
(
θr − π

3

)
Lls + LA − LBcos2

(
θr − 2π

3

) − 1
2 LA − LBcos2 (θr + π)

− 1
2 LA − LBcos2

(
θr + π

3

) − 1
2 LA − LBcos2 (θr + π) Lls + LA − LBcos2

(
θr + 2π

3

)
⎤
⎥⎦ (59)

Lsr(θr) =

⎡
⎢⎣

Lmqcosθr Lmqcosθr Lmdsinθr Lmdsinθr

Lmqcos
(
θr − 2π

3

)
Lmqcos

(
θr − 2π

3

)
Lmdsin

(
θr − 2π

3

)
Lmdsin

(
θr − 2π

3

)
Lmqcos

(
θr + 2π

3

)
Lmqcos

(
θr + 2π

3

)
Lmdsin

(
θr + 2π

3

)
Lmdsin

(
θr + 2π

3

)
⎤
⎥⎦ (60)
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with

K(θr) =
2
3

⎡
⎢⎣

cosθr cos
(
θr − 2π

3

)
cos

(
θr + 2π

3

)
sinθr sin

(
θr − 2π

3

)
sin

(
θr + 2π

3

)
1
2

1
2

1
2

⎤
⎥⎦. (70)

C. Coefficients of the E-PD Model

Insertion of (64), (66), (67) and (68) into (21), Rab may
be expressed in terms of matrices Ra and Rb . Coefficients in
matrices Ra and Rb are given as follows:

Ra1 =
4
τ 2 L2

mq
a + b − 2e

ab − e2 − 2
τ

(Lls + Lmq), (71)

Ra2 = −2
τ

Lls , (72)

Rb =
4
τ 2 L2

md
c + d − 2f

cd − f 2 − 2
τ

(Lls + Lmd) − Ra1 , (73)

with

a = rkq1 +
2
τ

(Llkq1 + Lmq), (74)

b = rkq2 +
2
τ

(Llkq2 + Lmq), (75)

c = rfd +
2
τ

(Llfd + Lmd), (76)

d = rkd +
2
τ

(Lkd + Lmd), (77)

e =
2
τ

Lmq , (78)

f =
2
τ

Lmd . (79)

Insertion of (67) and (68) into (40) and (41) gives:

Ma1 =
be − e2

ab − e2 , (80)

Ma2 =
ae − e2

ab − e2 , (81)

Ma3 =
df − f 2

cd − f 2 , (82)

Ma4 =
cf − f 2

cd − f 2 , (83)

Rf1 = e (Ma1 + Ma2) , (84)

Rf2 = f (Ma3 + Ma4) . (85)

D. Synchronous Machine Parameters

The parameters of synchronous machines used in
Section IX-A and Section IX-B are listed in Table VII. Fol-
lowing the approach used in [13] and [25], the parameters of the
additional winding of the CC-PD model are given as follows:

835 MVA cylindrical rotor synchronous machine
1) τ = 10 μs, rkq3 = 3.3293 Ω, Xlkq3 = 0.1017 Ω.
2) τ = 50 μs, rkq3 = 2.9089 Ω, Xlkq3 = 0.0807 Ω.
3) τ = 100 μs, rkq3 = 2.5129 Ω, Xlkq3 = 0.0609 Ω.
4) τ = 200 μs, rkq3 = 1.9762 Ω, Xlkq3 = 0.0341 Ω.

TABLE VII
PARAMETERS OF SYNCHRONOUS MACHINES [17]

5) τ = 500 μs, rkq3 = 1.2077 Ω, Xlkq3 = −0.0044 Ω.
6) τ = 1000 μs, rkq3 = 0.7366 Ω, Xlkq3 = −0.0279 Ω.
325 MVA salient pole synchronous machine
τ = 1000 μs, rkq3 = 38.1335 Ω, Xlkq3 = 1.8081 Ω.
In accordance with [13] and [25], the fitting frequency used

in the CC-PD model is set to 120 Hz. Depending on the time-
step size τ , the leakage reactances of the additional winding can
be negative.
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